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Abstract

The R package REMixed (Regularized Estimation for non-linear Mixed Effects
Models) implements an iterative algorithm to estimate population parameters in non-
linear mixed effects models (NLMEM) based on a structural mechanistic system and
simultaneously regularizes observed biomarkers linked linearly to latent compartments
of the mechanistic model. The algorithm uses a cyclical coordinate descent approach,
alternating between regularization of the biomarker-compartment parameters through
Lasso-penalized log-likelihood maximization and estimation of the remaining param-
eters through maximum likelihood estimation. The package relies on the Monolix
software, which implements estimation methods for NLMEMs based on ordinary dif-
ferential equations (ODEs). The package is illustrated on a simulated dataset of the
humoral response after Ebola virus vaccination strategy using transcriptomics and

viral load.
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1 Introduction

Mechanistic models based on ordinary differential equations (ODEs) are widely used to de-
scribe biological systems, particularly in fields such as pharmacometrics, immunology, and
epidemic modeling (Ibarra et al., 2021; Perelson and Ribeiro, 2018; Ganser et al., 2024).
These models capture the temporal dynamics of multiple compartments, both observed and
unobserved, involved in biological processes such as immune responses. However, achiev-
ing identifiability often requires repeated measurements across all compartments, which is
typically not feasible in clinical studies (Lavielle, 2014).

In parallel, diverse longitudinal data such as transcriptomic profiles, increasingly acces-
sible through high-throughput technologies (Lowe et al., 2017), provide indirect but rich
information on underlying biological processes. This has led to a growing interest in in-
corporating large-dimensional longitudinal markers into statistical models to improve the
estimation of such mechanisms, with encouraging results reported in semi-parametric frame-
works, mixed-effects models, and joint models with survival outcomes (Ni et al., 2010; Zhao
et al., 2014; Pan and Huang, 2014; Li et al., 2018; Sun and Basu, 2024). Many of these
approaches rely on iterative estimation and variable selection strategies, demonstrating ro-
bustness in complex settings (Pan and Huang, 2014; Li et al., 2018; Caillebotte et al., 2024).
Previous work has also demonstrated the feasibility of integrating transcriptomic data into
non-linear mixed-effects models (NLMEMSs). However, existing contributions remain lim-
ited to time-fixed covariates and do not capture dynamics through ODEs (Caillebotte et al.,



2024; Gabaut et al., 2025). The REMixed algorithm proposes a new approach that com-
bines the estimation of ODE-based NLMEMs with the selection of time-varying longitudinal
biomarkers linearly linked to one latent compartment of the ODE system.

We developed the R package REMixed, available on CRAN, to provide a flexible
implementation of this methodology. The package offers tools for estimating ODE-based
NLMEMs with longitudinal outcomes while simultaneously selecting transcriptomic mark-
ers dynamically associated with one latent biological state from the same mechanistic model.
It relies on the Monolix software (Lixoft SAS, a Simulations Plus company, 2023a), which is
accessible in R via the lixoft Connectors package and is freely available for academic use.

The proposed algorithm is an iterative procedure designed to solve Lasso-penalized
maximum likelihood estimation (Tibshirani, 1996), implemented via cyclical coordinate
descent (Tseng, 2001; Friedman et al.; 2010). This strategy, previously applied in large-
dimensional joint models for survival and mixed effect (Caillebotte et al., 2024), as well as
for the selection and estimation fixed or random effects (Pan and Huang, 2014; Li et al.,
2018), has shown strong performance in similar frameworks. The algorithm alternates be-
tween two steps: a regularization step and a mechanistic inference step. In the regulariza-
tion step, coefficients linking biomarkers to latent compartments are updated by solving the
first-order optimality conditions of the penalized log-likelihood, using second-order Taylor
approximations. In the mechanistic inference step, model parameters are estimated with the
Stochastic Approximation Expectation-Maximization (SAEM) algorithm (Dempster et al.,
1977; Delyon et al., 1999), as implemented in Monolix (Kuhn and Lavielle, 2005; Lixoft SAS,
a Simulations Plus company, 2023a).

In this vignette, we first describe the REMixed algorithm in Section 2. We then outline its
implementation in the REMixed package and present the code structure and its integration
with Monolix in Section 3. Finally, we illustrate the use of the main functions on a simulated
dataset of humoral immune response following Ebola vaccination (Pasin et al., 2019) in
Section 4.

2 REMixed algorithm

2.1 ODE-based NLMEMs
2.1.1 Model definition

Let us consider a mechanistic model defined by a system of ODEs involving at least P + 1
compartments, or variables, denoted (S,),<p and R:

(50 = BisORO9. <P "
R(t) = FalS,(t). R(t). $).

where 1) is an m-dimensional parameter vector, and Fs,, p < P, and Fg are fixed parametric
functions characterizing the mechanistic process. For each individual 7, « = 1,..., N, the
trajectories generated by this ODE system are written S,; (p < P) and R;, with individual-
specific parameters ¥, = (¢;)i<m. Each parameter ¢y; (I = 1,...,m) is modeled through a
generalized linear model:

hl(wli) - hl(d}lpop) + Xzﬁl + iy
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where X; denotes the vector of individual covariates with regression coefficients 3;, and the
random effects satisfy n, ~ N(0,Q). In particular, it is possible to fix some parameters to
a common value across individuals by setting the corresponding variances in €2 to zero.

The individual compartments S,;, p < P, are observed through repeated measurements
Y,i; at time points t,,;;, with 7 < mny:

Yoij = 9p(Spi(tpij)) + €pijs (2)

for a fixed transformation g,, with independent errors e,;; N (0, gg).
The latent compartment R; is measured repeatedly through a large number of markers
Zyi; for k < K, at times t,;, 7 < ny;, via a linear observation model:666

Zrij = i + sk (Ri(trig)) + €kigs (3)

with fixed transformation s; and independent errors e;; SN (0,02). We further denote the
observation vectors Y ,; = (Ypi;)j<n,, forp=1,..., P and Zy; = (Zyj)j<n,, for k=1,... K.

with a fixed transformation s; and independent measurement errors ey;; LN (0,02).
We denoted lated Y, = (Ypi)j<n,;, » = 1,..., P, and Zy; = (Zyij)j<ny,, B = 1,..., K, the
compartment observation vectors for individual 7.

For the remainder of the manuscript, we distinguish between the large-dimensional
biomarker slopes & = (g )r<k, the coeflicients linking markers to the latent process and
subject to regularization, and the vector @ = (1, 3, Q, (0})k<k, (gg)pgp, (k) k<K ), which
gathers all remaining model parameters.

2.1.2 Log-likelihood of the model

We denote the individual observations for subject ¢ = 1,...,N as Y; = (Y ;),<p from
Equation (2) and Z; = (Z;)r<x from Equation (3). For individual 7, the contribution to
the likelihood is:

Li(c,0)=f(Y,Z;|a,0) = / f(Yi,Zi | a,0,m;) x f(n;|cx, 0)dnm;.
n;

Conditionally on the individual random effects, the trajectories (Sy;),<p and R; are deter-
mined by the differential system (1). Hence, Zy;; (k =1,...,K; j =1,...,n) are inde-
pendent with distribution N (g + agsk(Ri(tkij)), 01), and Yy (p=1,...,P; j=1,...,np)
are independent with distribution N'(g,(Spi(tpi;)),<p)- We then have

‘Ci(av9> :/‘ {Hf(Ypl ’ a79>ni)} X {H f(Zkl ’ a’9777i)} X f(ni’a?g)dni

p<P k<K

:/ IT IT 7 Wil 0,my) ¢ x {H 1T f(ij|a,9,m)} X f(m;]ex, 0)dn;

i \ p<P j<np; k<K j<ngi



:/n.

1 1 }/pm gp(S (pw)) ?
. })SHIngpi gp\/ﬂ P [_5 ( Sp ) ]

1 1 /7 i — QS Rz t ij ?
X{kgﬂgmakme@ [_5( == cun (Al ”

1 1
X ——————exp |—-n; Q2 m} dn;.
{( 2m) 2 det Q2 [ }

Thus, the individual likelihood can be expressed as a product of: (1) the density of Z;,
f2(Z; | @,0,n,); (2) the density of Y, fy(Y; | 8,n,) (which does not depend on «);
and (3) the density of the random effects f(m, | €). With independent individuals, the
log-likelihood is:

0) =3 tox ([ 1Y 10.m) 24210 0.m) 1 (n0)in, ). (@)

i<N

The calculation of the log-likelihood and its derivatives is detailed in Section 2.3.2.

2.2 Overview of the estimation process

REMixed aims to estimate both the structural parameters 8 and the sparse vector of
biomarker effects a by maximizing the penalized log-likelihood under Lasso-penalization:

LLpenA(aae) = LL(a,H) - )‘”aHl’ (5)

for a given penalty A > 0, selected by minimizing BICc (Delattre et al., 2014) over a grid
(see Section 2.3.4). Estimation combines penalized maximum likelihood with a cyclical
coordinate descent scheme. Each iteration alternates between:

1. Regularization step: with 0 fixed at the previous iteration estimates, update a by
solving a Lasso-type problem based on a second-order Taylor approximation of the
log-likelihood around the current a. This yields a closed-form update for each a4
involving the gradient d,LL, the Hessian 0% LL, and the penalty A (see Section 2.3.1).

2. Estimation step: with « fixed at its updated value, estimate @ using the SAEM
algorithm (Delyon et al., 1999; Kuhn and Lavielle, 2005), implemented in Monolix and
accessed from R via lixoftConnectors (see Section 2.3.3).

Convergence is reached when the penalized log-likelihood and the parameters stabilize below
user-defined tolerances 7 and 7y, respectively. The pipeline is shown in Figure 1, and
pseudocode is given in Algorithm 1.



Algorithm 1: REMixed algorithm:

Let A > 0 be fixed ;
Obtain initial values a®, 0 e.g.. by MLE or SAEM on a random subset of biomarkers

(see Section 2.3.6).
Estimate the posterior distribution of random effects via MCMC in Monolix.

Compute LL (a®,00), 94 LL (0,00) |,_ 0, and GELL (0,60 ) |

At

iteration [: .
Compute a1V using Equation (6) with & = a® and 8 = 8" fixed (Section 2.3.1).

Estimate /7Y with « fixed at o+ using SAEM initialized at 8.
Update LL (a(l“), 0(l+1)>, OaLL (a, O(HI)) |a:a(l+1)7 and

O2LL (a,O(lH)) |a=a<l+1> using a new posterior approximation of the ran-

dom effects.
Evaluate convergence and stop if all criteria are met:

‘LLpenA (a(l+1)70(l+1)> — LLpen, (a(l),e(l)> ‘ <

al)_q+1) g _gU+1)
a1 ' e0n 72-

Currea estimate G and ot
T
Corparie log=1kelibood apd derlvates:
(R et Y PO LA | R P15 I LA

T

1. l:".|||.|.||l. T LY Lising I'_..'||:'\.I i () with £ = i AT |
7= 0" fixed

2. Extirnn frdtl wilh a prrmiers sl o rittL) HKing

Lhe SAEM alevei bien sarting fram A%
Mowr eatfimoros 8 TL and ati L,

T
Fwaluate log-lkalihand and derivates:

LLfal e gee= N, L (g v i iwophe o LL o glee 1 i
e MPepolizod dag-teelthood and
Pooanired |'|"\;'|'-|':'|:-\. Jibood vt [AITURIDIETE """-"I"-l'-":'ll iy e

|||l||'\.|l|u'|'.'i'l: -c'.llll'l'.:l'l_. AT | PPRACTAELL. -

FINAL ESTIMATES (8%, o) = (A4 o/l

Figure 1: Pipeline of the REMixed algorithm.




2.3 Implementation details
2.3.1 Regularization step

Given 6 and the current &, maximizing (5) corresponds to solving the Lasso-penalized

problem
max{LL(é,a) . )\HaHl}.

(07

A second-order Taylor approximation of LL(«, 9) around & yields

LL(c,0) ~ L(é, 0) + (o — a)TaﬁLL(a, 0)

2
(a — d)Tg—2LL(a,0)

DO | —

+

a=&

Let’s define for k =1, ..., K, Ay = 0u, LL(cx, 0)

element of the opposite of the Hessian at (&, 9), assumed negative definite. The updates
follow the standard soft-thresholding rule:

+ ZprQy, where Ty, is the kth diagonal
(0%

(AEX i A < ),
Tkl
ap = A2 if A> ) with A =0, LL(6,6) + dr (6)
0 otherwise.

\

Additional derivations and proofs are provided in Appendix A and log-likelihood and deriva-
tive evaluations are detailed in the next Section 2.3.2.

To ensure numerical stability in case of model misspecification, the Hessian may fail to
be negative definite; in that case we inflate its diagonal by adding a scaled identity matrix,
in the spirit of the Marquardt-Levenberg method (Philipps et al., 2021). The pseudocode
of the regularization step appears in Algorithm 2.

Algorithm 2: Regularization step at iteration [, with penalty parameter
A>0:

Let 0¥ be fixed, and a® be the current estimate :
Compute LL <a(l), 0(l)>, OaLL (a, 0(l)> |a:a<l)’ and 92 LL (a, 0(”> |

and inflate the Hessian if needed.

a=a® — (iflc)z,ch

For k£ < K:
Compute Ay = 8akLL(a(l), 0(1)) + Tpk a,(gl).
if A< -\

if Ak < =Xy (Ak + )\)/ZL’kk

else if Ak > A\ Qf < (Ak — /\)/ZL‘kk

else: oy < 0.

Compute LL(c, 8) with the updated a.

If LLpen, <a<l>,0<”) > LLpen, <a,9<l>>,

recalibrate a by searching for a better candidate in its neighborhood.
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2.3.2 Log-likelihood estimation
2.3.2.1 Log-likelihood derivatives

The log-likelihood of the model is given in Section 2.1.2. We now derive the first and
second derivatives with respect to the coordinate o used in REMixed (see Figure 1 and
Section 2.3.1). For every k < K,

x fy(Yi|0,m;)f(n;0),

ooy, Oay,
and
a Zz 707 7 1
folZ:| o bm) _ — 4 > 5w (Riltnig) (Zui — mx — cnsi(Riltaig)) ¢ % f2(Zi | @, 0,m,).
Oay, o |5,
Similarly,
82 Yz 0, i Zz a,e, i 29 82 Z@ a707 i
Sr(Yi|0,m:)fz( 2| n:)f(n:10) _ 0"f4( |2 U <y (Yi|0,m)f(n,]6),
Oay, da;
and
3(1%
2
1 1
= =i | D se(Rilthiy) (Znij — ik — awsu(Riltrig) | — = | D se(Riltniy)® | | £2(Zi | o, 0,m;).
Tk \j<ns Tk \j<ns

Finally, for every ki, ko < K, ky # ko :

x fy(Yil|6,m;)f(n;|0),

O, g, da, ag,
and
a2fY(Y7: | eani>fZ(Zi | a,é’,m)f(mIO)
aakIOék2
1
= 11 {; LZ sk (Ri(tri)) (Zrig — bx — aksk(Ri<tkij)))] } X fz(Zi] o, 0,m).
k=k1,k2 ko lj<ng

Therefore, for k < K, we can then derivate the log-likelihood with respect to au:

OLL(c,0) _ Z fm Oo, fy(Yi | 0,m,)f2(Z: | @, 0,m;) f(n;|0)dn;

aak i<N El(a70)
1 0fs(Z| 0.,
=Y g ¢ BN v ompsme. ()
SN K )



and
0°LL(c,0) <8LLi(a,0))2

80&% aOék

* <ZN Li(olé,e) X 0n,f2(Zi | 0, 0,m;) < fy (Y| 0.m;)f(ni]0)dn;, (8)

and, for ky # ko,
*LL(cv,0)  OLLi(,0) y OLL;(c, 0)

Oay, O, Oay, Do,
1
+ ;Vm X Oy, f2(Zi | @, 0,m;) % fy (Y| 0,m;)f(n;10)dn;. (9)

2.3.2.2 Log-likelihood approximation by Gauss—Hermite quadrature

The integrals in Equations (4), (7), (8), and (9) are evaluated at (é, 8) using adaptive
Gauss-Hermite quadrature, combined with numerical ODE solvers to compute R; and (Sy:),
fori =1,..., N jointly across all integrals. We first use Monolix to approximate the posterior
distribution of the random effects, which concentrates the mass of the integrands.

The posterior f(n,; | Y;, Z;, «, 0) of the individual random effects ), given the data, is
approximated in Monolix by a Metropolis—Hastings algorithm (Hastings, 1970). For each
subject 7, a chain {ngm) M_ targeting this posterior is generated using a Gaussian proposal;
a candidate 1} is accepted with a probability depending on the proposal density, the ob-
servation density f(Y;, Z; | m;, @, 0), and the prior f(n, | €). After a burn-in phase to
reach stationarity, the empirical mean and covariance of a Gaussian approximation to the
posterior are computed from the last M accepted samples (ngm)).

We then compute multidimensional adaptive Gauss—Hermite quadrature to evaluate the
integrals in (4), (7), (8), and (9) at (6, &).

Log-likelihood and derivative evaluations are carried out at each iteration by the function
‘gh.LL’ in the REMixed package. The pseudocode of this step is given in Algorithm 3.

Algorithm 3: Log-likelihood and derivates computation:

Let &, 0 be fixed ;
Approximate the Gaussian posterior f(n, | Y, Z;, a,0) via MCMC in Monolix.
For each individual i =1,..., N (can be execute in parallel):
Compute the adaptive Gauss—Hermite grid (n;,;, w;)i<m from the Gaussian posterior
approximation.
Evaluate the integrands of the log-likelihood and derivatives at n,; for | < m, with
m the number of quadrature points, and take the corresponding weighted sums.
For instance, for the individual likelihood, are computed:
fz(Zila,0,my), fv(Yil0,n,), f(n,]0)
and then >, w,fz(Z;|e, 0,m,)fy(Y:|0,1,)f(n,]0) is returned as £;(é, 6).
Aggregate individual contributions to obtain model log-likelihood and derivatives.

9



2.3.3 NLME parameters estimation

Population parameters 6 are estimated at each iteration via the SAEM algorithm (Delyon
et al., 1999; Kuhn and Lavielle, 2005), as implemented in Monolix. During this step, a is
held fixed at the previously estimated value & (see Figure 1).

The SAEM is an iterative algorithm for maximum-likelihood estimation in models with
latent variables, particularly well-suited to NLMEMs. Each iteration [ alternates:

« a Stochastic Simulation step (S-step): sample the individual random effects n*)
from their conditional distribution given the data and current parameter estimates,
ie,nO~f(n|Y,Z, 0(1)), to approximate the expected complete-data log-likelihood

Q6 6Y).

« a Maximization step (M-step): update @ by maximizing the approximation of
Q(0 | 8") obtained in the S-step.

The SAEM algorithm has been demonstrated to be highly efficient and reliable for a broad
scope of complex models, including those involving categorical data, count data, time-to-
event data, mixture models, and models based on differential equations or censored data.
Its convergence properties have been rigorously established, ensuring robustness in parameter
estimation.
In our implementation, Monolix is interfaced with R via lixoft Connectors. In REMixed,

the SAEM and Lasso updates alternate until convergence in the ‘remix’ function for a fixed
penalty, or across a grid via ‘cv.remix’

2.3.4 Selection of the penalty parameter

To select the optimal penalty A, we run the algorithm over the grid
A= x B 11,00 ]

where N, is the grid size and ) is user-defined (typically 0.001 (Park and Hastie, 2007;
Friedman et al., 2010)), and

Amax = MAax <0aLL(a, 9<0>)|a:0) . (10)

The final model is chosen by minimizing the corrected Bayesian Information Criterion
(BICc, Delattre et al. (2014)), accounting for fixed and random effects and for the num-
ber of selected biomarkers:

BICc(é, 0) = —2LL(&, 0) + log(N) dim(0 ) + log(ne) (dim(05) + #{ay, # 0})

where 0 is decomposed as (0g,0F), the components related to random and fixed effects,
respectively.
Let 8, and &, denote the REMixed estimates for a given A € A. We then select

A = argmin BICc(éy,0,),  (é&,0) = (&, 0,-).
AEA

10



To compute Apax defined in (10), the gradient in Section 2.3.2 simplifies. For £ < K and

=0,
5 1 1 Zki‘_:uk)Q
Zla=0,0,n,)= exp| —= | ——— | |,
1 e (-3 (2

does not depend on m,. Hence, for i =1,... N,

£.0.0) = f4(Z.]6,0 = 0) / o (Y16, m:) f (m: | ©)dn,
s

and therefore aakLL(é, a)|a=o is equal to

1 1 ) )
2 [ v (Yil6,m,)f(n,]0)dn X/ o2 (Z Sk(Ri(trij))(Zrij —;%)) < fy(Y10,n,)f(n,|0)dn,.
i<N Jny, JY NS Y0 i i Iy

J<mMk;

2.3.5 Final tests

After convergence, we assess the statistical significance of each estimated coefficient &;, using
Wald tests based on the asymptotic normality of maximume-likelihood estimators, testing
HO O = 0.

This procedure allows us to identify the parameters that contribute meaningfully to the
model, providing insight into relevant biomarkers.

These tests can be launch in REMixed using ‘computeFinalTest’ function.

2.3.6 Initialization strategy

To reduce computation time, we propose an initialization that sets 0 and a©® from ran-
domly partitioning the K biomarkers into I' groups (G,),<r of approximately equal size,
fitting each group-specific model independently, and selecting the best.

Specifically, for each group G, define the model M., as follows:

« For k ¢ G,, the marker is considered as Gaussian noise (i.e., not selected). We set
ar = 0 and use the simplified observation model

Zrij = W + €xijy  €kij ~ N (0, J,%).
The paramerers (px, 07) are then estimated via Maximum Likelihood Estimation (MLE)

using
ZZ(Z;W Zni ’”) , (11)

llnli].]].

~ 17.] ~2
b = Zrij O =

—ij . .
where Zj;; © denotes the overall mean of Zj;; across subjects and times.

o For k € G,, we use the full observation equation and estimate ay, jointly with 6 via
the SAEM algorithm.

11



Finally, the total log-likelihood L L, of the fitted model M., considering the K markers of
G, and Gw is then computed via importance sampling using Monolix software. At this stage,
gradient and Hessian evaluations are not required, making this estimation computationally
possible through Monolix, contrary to later estimation of the log-likelihood (see details in
Section 2.3.2). The group G that yields the highest log-likelihood is then selected, and the
corresponding estimates are used to initialize the REMixed algorithm.

This initialization is available through ‘initStrat’ function in the REMixed package,
and its pseudocode is provided in Algorithm 4. Its used is illustrated in Section 4.

Algorithm 4: Initialization strategy:

Randomly split biomarkers into I' groups G, of (approximately) equal size.
For each v < I*:
Compute MLEs (i, 0% )rgg., as in (11).
With (fi, 6k, i = 0)rgg, fixed, estimate 8 and (o )reg, by SAEM.
Compute the log-likelihood LL,.
Set (a'®,0)) to the estimates from Mg with G = arg max,<p LL.,.

3 Project architecture and connection with Monolix

3.1 Monolix project

The REMixed package relies on the Monolix software suite for nonlinear mixed-effects
model estimation, interfaced through the lixoft Connectors R package R Core Team (2024).
This package provides a direct link between R and the MonolixSuite modeling tools, enabling
users to automate workflows, control MonolixSuite software, and perform model development
and simulation processes.

To initialize the Monolix connection in R, the user needs to load the library and call the
initialization function:

library(lixoftConnectors)
initializeLixoftConnectors(software = "monolix")

Once initialized, the lixoftConnectors functions allow creating, editing, and running
Monolix projects from R. A Monolix project is defined by a set of key files:

o ‘data.txt’ — the dataset used for estimation,
e ‘model.txt’ — the structural model, written in Mlxtran syntax,
e ‘project.mlixtran’ — the main project file specifying model settings,

e ‘project.mlxproperties’ — optional preferences for visualization.

12



See Lixoft SAS. a Simulations Plus company (2023a) for details about the Monolix software.
When a task is executed (e.g., running the SAEM algorithm or computing conditional
distributions), Monolix creates a results folder within the project directory, including various
output files such as individual predictions and estimation summaries.
After executing a task, a subfolder is created with output files including ‘summary.txt’,
which contains estimation and diagnostic results.

3.2 Summary files and temporary projects

During execution, the REMixed package creates temporary Monolix projects and stores
summary files for traceability. These are saved in a dedicated ‘remix’ folder within the
Monolix project directory.

 Initialization step (via ‘initStrat’): temporary Monolix projects are stored in the
‘tmp_init’ folder. These are deleted by default to save space but can be preserved
by setting unlinkTemporaryProject = FALSE. A log file called ‘summary_init.txt’ is
saved in the ‘remix’ folder, summarizing the full initialization run (see Appendix D).

« REMixed algorithm for a grid of penalty parameters (via ‘cv.remix’): one
summary file per penalty value is saved as ‘summary_l.txt" (where [ is the index of
the penalty J);), and a global summary file ‘summary_cv.txt’ is also created (see Ap-
pendix E). Temporary Monolix projects corresponding to each penalty value are named
‘Build_Il.mIxtran’, and are deleted by default unless unlinkBuildProject = FALSE.
The summary file produced for each penalty parameter has the same format as the
one provided for a single penalty parameter through the ‘remix’ function.

« REMixed algorithm for a given penalty parameter (via ‘remix’): a summary
file named ‘summary.txt’ is created to monitor the iterations (see Appendix F). A copy
of the initial project is also saved in the ‘remix’ folder to allow consistent reruns. The
final Monolix project is saved in the same directory as the original input project.

After computing final tests and running the SAEM algorithm, the final ‘summary.txt’ is
saved in the ‘remix’ folder of the specified final project. For instance, in the ‘project_upd’
folder (see Appendix B).

4 Usage

4.1 Demo project overview

We illustrate the use of the REMixed package through a demo project in a low-dimensional
setting for fast computation. To access the Monolix project provided with the package:

library(ggplot2)
theme_set (theme_bw())
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library(REMixed)
library(lixoftConnectors)
initializeLixoftConnectors()

project <- getMLXdir()
loadProject(project)

This example is based on a simulated antibody production model describing the dynamics
over the 7 days following vaccine injection, during which antibody-secreting cells (ASC,
denoted S) reach their peak and subsequently decline (Pasin et al., 2019). These cells produce
antibodies (AB) at a rate pg, while S and AB decay at rates 05 and d 4, respectively. The
simulation was generated using Simulx (Lixoft SAS, a Simulations Plus company, 2023b),
and the corresponding Monolix project is provided in the directory returned by getMLXdir ().
For the structural model, written in Mlxtran syntax, is porvided in Appendix C (See Lixoft
SAS, a Simulations Plus company (2023a) for details about the Monolix software and Mlxtran

syntax).
The mechanistic model is defined for subject i =1,..., N as:
( dsS;
“(t) = —dg; Si(t
dt ( ) Si S( )7
dAB;
7 (t) = ¢s; Si(t) — dapi ABi(t), (12)

(5:(0), AB;(0)) = (0, 1000).

\

The individual parameters are assumed to follow log-normal distributions:

10g<9052) = log((pspop) + 77:0;7
log(éABi) = log((SABpop) + niABa (13)
log(ds:) = log(dspep) + 17"

To simulate observations, antibody levels are measured at six time points ¢;;, j = 1,...,6,
post-vaccination (days 0, 7, 21, 123, 180, 300), following:

Yij = logio(ABi(ti;)) + €ij, €5 ~N(0,0%,). (14)

In parallel, five biomarkers (G}, )r<5 are observed daily from day 0 to 21, at times t;;, j =
1,...,22, with only one biomarker truly associated with the ASC compartment S:

Gkij = Oszl(tk”) + Ekij; ‘Ekij ~ N(O, Uék) (15)

Parameter values used in the demo are summarized in Table 1. The simulated data are
shown in Figure 2.
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Figure 2: Simulated observations for 100 individuals from the demo project included in the
REMixed package, representing antibody dynamics and biomarkers dynamics over 21 days
following vaccination. In this scenario, only one of the five biomarkers, GGy, is truly associated
with the ASC compartment S.
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’ Parameter ‘ Definition ‘ Value

Fixed Effects
Influx rates

s ASC-S antibody production (Eu/mL/day) 6.11 x 102
Decay rates

dAb Antibody decay rate (1/day) 2.50 x 1072

ds ASC-S decay rate 2.30 x 1071
Random Effects

Wepg SD for ¢g 0.60

Wsg SD for dg 0.10

W5 4 SD for 9 4p 0.30
Biomarkers related parameters

Q11 0.10

a1k, k>1 0
Observation Error

O Ab SD of error on log antibody levels 0.11

oa1 SD of error on biomarkers levels 0.28

oGk, k>1 0.34, 0.39, 0.36, 0.32

Table 1: Parameter values used in the demo project simulation scenario, describing antibody
and antibody-secreting cell (ASC) dynamics in 100 individuals. The scenario assumes five
biomarkers (Gy)r<s, of which only G is associated with the ASC compartment.
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For REMixed to interface with Monolix, users must specify how to generate system
dynamics and how to map outputs to observed data. This involves three elements:
1. The structural ODE model: it must return a table with time and named outputs.
In the demo, ‘dynFUN_demo’ is pre-defined using the deSolve package (Karline Soetaert
et al., 2010):

dynFUN_demo <- function(t, y, parms) {
parms <- c(parms, SO = y[["S"]1])
out <- deSolve::ode(y["AB"], t, function(t, y, parms) {
with(as.list(c(y, parms)), {
dAB <- phi_S * S0 * exp(-delta_S * t) - delta_AB * AB
list(c(dAB))
b
}, parms)
out <- cbind(out, S = y[["S"]] * exp(-parms[["delta_S"]] * out[, "time"]))
class(out) <- "deSolve"
return(out)

}

out <- dynFUN_demo(t = 1:300, y = c(S8 = 5, AB = 1000),
parms = c(delta_S = 0.23, delta_AB = 0.025, phi_S = 611))

plot (out)
AB S
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o
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o
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o i
S _|
(=]
(=]
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s _|
o
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o
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Figure 3: ”"Deterministic dynamics of antibody and antibody-secreting cell (ASC) popula-
tions for the demo project, obtained by solving the system of differential equations with
typical parameter values (random effects set to zero). These trajectories represent the ex-
pected population-level dynamics, without inter-individual variability.

2. The observation model: since Monolix does not store transformations used in the
observation model, these must be explicitly specified via the ‘ObsModel.transfo’ object.
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getContinuousObservationModel () $prediction
# yAB  yG1 yGe yG3 yG4  yG5
# "tAB” "Gl n ”G2" ”Ggll ”G4 n "G5”

ObsModel.transfo = list(S = list(AB = logl0),
1inkS = "yAB",
R = rep(list(S = function(x){x}), 5),
linkR = pasteO("yG", 1:5))

3. The biomarker Z; statistical model: parameters must be explicitly linked to
Monolix observation names. If no intercepts p; are included in the latent regression model,
set alpha0 = NULL. Here ‘alphaQ’ corresponds to the g = (u)r<x parameters and ‘alphal’
corresponds to a = (ak)kg K parameters.

alpha = list(alphaO
alphail

NULL,
setNames (pasteO("alpha_1", 1:5), pasteO("yG", 1:5)))

These settings are critical for translating the model between the REMixed package and
the Monolix software.

4.2 Initialization

As described in Section 2.3.6, we implement an initialization strategy that performs multiple
runs of the SAEM algorithm on randomly formed small groups of biomarkers, selecting the
configuration yielding the highest log-likelihood. This ensures that early parameter estimates
are sufficiently close to the true values to allow stable log-likelihood computation.

init <- initStrat(project, alpha, ObsModel.transfo, seed = 1710)
plotInit(init)

In this demo, the biomarkers were randomly grouped into (G1,G4), (G2,G3), and (G5).
As shown in Figure 4, the group including G1—known to be truly associated with the latent
compartment—produced the highest log-likelihood across initialization runs. This provides
empirical support for the effectiveness of the initialization procedure.

A comprehensive summary of the initialization results, including the estimated param-
eters for each group and scores, is available in Appendix D. These logs are stored in the
‘summary_init.txt’ file described in Section 3 and are automatically generated in the ‘remix’
subfolder of the Monolix project directory.
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Figure 4: Log-likelihood of each group of genes tested for initialization.

4.3 Grid Search with REMixed

After initialization, we apply the REMixed algorithm to a grid of penalty values to select an
optimal regularization parameter. The following command performs the grid search using 10
automatically chosen A values. We retained 10 for illustration purposes to ensure reasonable
computation time; in practice, a finer grid may be considered to refine the search. The
corresponding outputs, including selection paths and BICc plots, together with the penalty
parameter A minimizing BICc, are illustrated in Figure 5 and obtained through the functions
‘plotCalibration’ and ‘plotIC’. The last function takes as an argument the information
criterion to be used; the package provides the ‘BIC’, ‘AIC’, and ‘BICc’ functions by default,
but user-defined criteria can also be provided.

resCV = cv.remix(project = project,
dynFUN = dynFUN_demo,
y = c(AB=1000,8=5),
ObsModel.transfo = ObsModel.transfo,
alpha = alpha,
selfInit = TRUE,
nlambda = 10,
eps1=10*x(-2),
eps2=1)

plotCalibration(resCV, legend.position="right")
plotIC(resCV, criterion = BICc)

The tested grid A = {5.09,10.17,...,2554.29} was automatically determined based on
the maximal penalization value estimated internally. The optimal penalty \* = 80.77 was
selected as the value minimizing the corrected Bayesian Information Criterion (BICc), equal
to 6616.76 in this case, as described in Section 2.3.4. This criterion balances model com-
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plexity and fit. In this example, two genes were selected, G1 and G2, with «; = 0.10 and
as = 0.006, respectively.
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Figure 5: Calibration curve (top panel) and corrected Bayesian Information Criterion (BICc)
values across the grid of penalty parameters (bottom panel) in the REMixed procedure for
the demo project with 10 penalty parameter tested.

selected _res <- retrieveBest(resCV)
summary (selected_res)

Outputs of remix algorithm from the project :
.../demoMLX/remix/demoMLX_init.mlxtran
with
- 100 individuals;
- A =80.77.

e Final Estimated Parameters :
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delta_S_pop
0.25
omega_delta_AB
0.29

sigma_G4

0.36

phi_S_pop delta_AB_pop omega_delta_S omega_phi_S

596.32 0.02 0.16 0.61

sigma_AB sigma_G1 sigma_G2 sigma_G3

0.11 0.28 0.34 0.39
sigma_Gb5
0.32

e Final Selected Biomarkers and Estimate:
alpha_11_pop alpha_12_pop

0.10100

e Final Scores :

0.00638

- OFV : 6500.482
- BIC : 6564.954
- BICc : 6616.759

Executed in 2 iterations, 106 s.

All results are logged in the summary files ‘summary_cv.txt’, for the overall grid con-
struction, and ‘summary_|.txt’, for each penalty parameter [ = 1, ..., N, tested, described in
Section 3, which are automatically saved in the ‘remix’ subfolder. Complete logs for this
example are provided in Appendix E.

4.4 REMixed with fixed penalty parameter A\

If a specific penalty parameter A is chosen, it is possible to run the REMixed algorithm for
that fixed value to refine the final estimates. This is done using the ‘remix’ function, here

with A = 80.77:

res_lambda = remix(project = project,

summary (res_lambda)

dynFUN = dynFUN_demo,

y = c(AB=1000,8=5),

ObsModel .transfo = ObsModel.transfo,
alpha = alpha,

selfInit = TRUE,

lambda = 80.77,

eps1=0.01,

eps2=0.1)

Outputs of remix algorithm from the project :
...demoMLX_upd.mlxtran
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with
- 100 individuals;
- A =80.77.

e Final Estimated Parameters :

delta_S_pop phi_S_pop delta_AB_pop omega_delta_S omega_phi_S
0.24 570.69 0.02 0.11 0.62
omega_delta_AB sigma_AB sigma_G1 sigma_G2 sigma_G3
0.30 0.11 0.28 0.34 0.39

sigma_G4 sigma_G5

0.36 0.32

e Final Selected Biomarkers and Estimate:
alpha_11_pop alpha_12_pop
0.09760 0.00668
e Final Scores :
- OFV : 6499.817
- BIC : 6564.29
- BICc : 6616.094

Executed in 8 iterations, 352.2 s.

trueValue <- read.csv(pasteO(dirname(getMLXdir()),
"/demoSMLX/Simulation/populationParameters.txt"))

plotSAEM(res_lambda, trueValue = trueValue)
plotConvergence (res_lambda)

Figures 6 and 7 illustrate the convergence of the SAEM algorithm and the behavior
of the log-likelihood across iterations. These are obtained with calls to ‘plotSAEM’ and
‘plotConvergence’. The argument ‘trueValue’, if known (as in simulation studies), allows
displaying the true values of each parameter alongside their estimates. This step refines
the parameter estimates based on the selected biomarkers and updates the Monolix project
accordingly. As with previous steps, a full log is saved in the file ‘summary.txt’ and included
in Appendix F.

4.5 Final Statistical Tests

To balance the shrinkage introduced by the Lasso penalty and validate the relevance of the
selected biomarkers, we conduct a final run of the SAEM algorithm followed by Wald-based
statistical testing, using the ‘computeFinalTest’ function.

This step recomputes the SAEM estimates without penalization on the selected subset of
biomarkers and provides standard errors and 95% confidence intervals. Wald tests are then
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Figure 6: Evolution of parameter estimates across iterations of the SAEM algorithm within
the REMixed procedure for the demo project. Initialization iterations are shown in grey,
and REMixed iterations are displayed in alternating green and yellow segments.
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Figure 7: Trajectory of penalized log-likelihood evolution over SAEM iterations in the

REMixed procedure for the demo project.

used to confirm the significance of each selected biomarker, ensuring that only those with
robust support remain in the final model. If the set of selected biomarkers changes, a final
estimation step is carried out using the SAEM algorithm.

In the demo project, biomarker G2 was removed by the final test, confirming the valid-
ity of the previous selection of G1 only. Parameter estimates, standard errors, confidence
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intervals and p-value are reported in Appendix G, along with full logs saved in the final
‘summary.txt’ file within the ‘remix’ folder of the corresponding final project. After this test,
and since the selected set had changed, a final run of the SAEM algorithm was performed,
jointly estimating NLME parameters and the parameters related to biomarker G1.

res_final <- computeFinalTest(res_lambda, dynFUN_demo, c(AB=1000,S=5),
ObsModel.transfo)

This final validation step not only provides inferential guarantees but also prepares the
model for interpretation and reporting, making it a critical component of the REMixed
workflow. The final outputs can be investigated as an object from the ‘remix’ function.

res_final <- computeFinalTest(res_lambda, dynFUN_demo, c(AB=1000,S=5),
ObsModel.transfo)

summary (res_final)

Outputs of remix algorithm from the project :
.../demoMLX_upd_final.mlxtran
with

100 individuals;

A = 382.22;

final SAEM computed;
final test computed.

e Final Estimated Parameters :

EstimatedValue se CI_95
delta_S_pop 2.4e-01 9.5e-03 [2.2e-01;2.6e-01]
phi_S_pop 5.9e+02 4.1e+01 [5e+02;6.7e+02]
delta_AB_pop 2.5e-02 7.5e-04 [2.3e-02;2.6e-02]
omega_delta_S 1.7e-01  5e-02 [6.7e-02;2.6e-01]
omega_phi_S 6.1e-01 5e-02 [5.2e-01;7.1e-01]
omega_delta_AB 3e-01 2.2e-02 [2.5e-01;3.4e-01]
sigma_AB 1.1e-01 4.1e-03 [1.1e-01;1.2e-01]
sigma_G1 2.8e-01 4.3e-03 [2.7e-01;2.8e-01]
sigma_G2 3.4e-01 5.2e-03 [3.2e-01;3.5e-01]
sigma_G3 3.9e-01 6e-03  [3.8e-01;4e-01]
sigma_G4 3.6e-01 5.5e-03 [3.5e-01;3.7e-01]
sigma_G5 3.2e-01 4.9e-03 [3.1e-01;3.3e-01]

e Final Selected Biomarkers and Estimate:
EstimatedValue se CI_95
alpha_11_pop le-01 4.9e-03 [9.2e-02;1.1e-01]
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e Final Scores :
- OFV : 6502.757
- BIC : 6562.624
- BICc : 6609.719

Executed in 8 iterations, 429.1 s.

5 Conclusion

In this paper, we presented REMixed, a new framework implemented in R for integrat-
ing large-dimensional longitudinal biomarkers into nonlinear mixed-effects models based on
ODEs. This approach extends regularized regression techniques to a mechanistic modeling
context, enabling simultaneous parameter estimation and biomarker selection within ODE-
based mixed-effects models. Using a cyclical coordinate descent algorithm to maximize a
penalized likelihood, REMixed dynamically links a large set of candidate biomarkers to
latent biological compartments. We described the algorithm step by step and applied it to a
simulated dataset, illustrating how REMixed can identify relevant biomarkers driving the
latent processes in an ODE system while accurately estimating model parameters.

The performance of REMixed depends on initialization, as the convergence of SAEM
can be sensitive to starting values. In practice, grouping biomarkers into small sets proved
effective in balancing computational feasibility with estimation stability. Other strategies
could further improve robustness, such as sequentially including biomarkers or exploiting di-
rectly observed compartments when available and sufficient for parameter estimation. More-
over, computational cost increases with both the number of biomarkers and the complexity
of the mechanistic model. An initial preselection step based on prior biological knowledge
or simpler models may therefore help reduce this burden.

The reliance on adaptive Gauss—Hermite quadrature for likelihood approximation can
also become prohibitive when many random effects are included. Exploring alternative in-
tegration schemes, such as stochastic approximation or refined quadrature methods, could
improve scalability. Similarly, inference approaches like particle filtering, variational infer-
ence, or sequential Monte Carlo may offer greater stability in challenging scenarios, but at
the cost of additional implementation complexity. Finally, selection of the penalty parameter
in our implementation relied on the corrected Bayesian Information Criterion (BICc), but
the framework can easily accommodate alternatives such as AIC or BIC. Cross-validation
could also be used to calibrate the penalty parameter and help mitigate overfitting; however,
the repeated model estimations it requires were not computationally feasible in our context.

Interoperability is another important dimension. The current implementation relies on
Monolix via lixoft Connectors, but broader compatibility with tools such as NONMEM or
saemix would facilitate adoption across pharmacometrics, epidemiology, and immunology.
Moreover, it would be interesting to integrate or compare the method with established phar-
macometric software such as NONMEM, or fully R-based frameworks such as the saemix
package.

The current implementation assumes independent, homoscedastic Gaussian errors and
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constant intercepts in the biomarker model. Allowing heteroscedasticity or temporal corre-
lation in the residuals could improve realism for complex data. For instance, introducing
time-varying intercepts p(t) or more flexible variance functions o(-) could better capture
time-dependent biomarker influences on the latent process.

At present, biomarkers are linked to a single latent compartment, but the REMixed
algorithm could be extended to multiple latent compartments in the ODE system, allowing
identification of distinct biomarker signatures associated with different biological processes,
such as diverse immune cell populations. The methodology also opens perspectives for
broader applications. Extensions to multi-omics data, including transcriptomics, proteomics,
or metabolomics, would support integrative analyses of complex biological responses. By
identifying dynamic biomarker signatures associated with latent processes, REMixed may
contribute to advances in precision medicine.
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6 Appendix
A Regularization step details

We denote the Hessian g—jLL(a,é) in @ = & as g—;LL(a,é) = —X = —(&1e)10ck. We

suppose here that the opposite of the Hessian is definite positi\?e. Then:

A o A 1 .
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1 N . N ~

-5 (e"Xa+a"Xa-a"Xa-a"Xa).

We'll focus on the term depending on «, as we wish to derivate with respect to «; for
k=1,..., K, and develop the matrix products, and isolate the term depending on a specific
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a Xa= g Qe E T + g | = E g az$lc04c+ak;§ TpeOle,
c=1

=1 c=1 [=1
£k #k

K K
AT ~ A A
a Xa= E E L0 = E E T + O E Ty

c=1 =1 c=1 =1
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Hence

K
LL(cx,0) ~ LL(6r, 0) + 200, LL(ct, 0)|a + Y _ 10a,LL(x,0)|4 — 6" 0o LL(cx, 0)|a

=1

£k
Ll rg . . 24
—3 a Xa+ E L0 + 200, E Ty + 0 Tkk
lctk =1

- E E alwlcac_ak E xkcac

c=1 I= 1

_§ E Oél[['lc()éc—ak/E alxlk

c—l =1
We derivate the last formula with respect to ay
Ou, LL(cx, 9) Ou, LL(cx, 0 — 12 Z T1e0q + 200, L1 — Zxkcac Z ay a:lk
_zkl
= O, LL(cx, 0 Z Ty — pTrk + Z TreeOle.

We want to find a parameter oy, so that LL(cr, 8) — |||, reach a maximum for this value.
We then want to solve in «; the equation

Oa, LL(cx, 0) — Asign(oy) = 0

K K
On, LL(cx, 0 Z L0 — Qi + Z Tpelle — Asign(ay) = 0.
=1 c=1
£k

If oy, > O:

aakLL o, 9 Z Tk — akxkk + Z C(JkCOéc =

Doy LL(ct, 0)|a — SO0 gy + S5 | #peie — A
#k

ap —
Tk

So the condition oy, > 0 implies that d,, LL(cx, 9)|a — Zfil T0q + 25:1 Trelte > A.
#k
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If o, < 0:
K K
8akLL(a, 9>|d — Zf%lkal — Oéki’kk + Z«fkcéfc + A= 0
=1 c=1

Zk

On, LL(cx, 0)|a — Z{il Tipog + Zle Tpelte + A
#k

A =
Tk

So the condition oy, < 0 implies that d,, LL(cv, 9)](1 — Z{il Loy + Zle TheOle < — .
£k

< A, implies then that ay

(9akLL(a, é)ld - Zliil Tipoy + Zﬁil Tl
#k

The condition for
is set to 0.
We then denote ( 0,, LL(cx, @)\a — Zl}il Ty + Zﬁil aﬁkcdc) = (8akLL(a, 9)\a + :f:kkéck) =
£k

A an approxmiation using & of the previously mentionned condition.
Solving for each coordinate ay leads to the soft-thresholding rule:

(A£) §f 4 < ),

Zrk
=42 i A> )N with A= 00, LL(8, ) + dxxd (16)
\0 otherwise.
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B Structure of the project

/.
+— data.txt
+— model . txt

+— project.mlxproperties

« project.mlxtran

Figure 8: Structure of a Monolix project directory after creation, prior to running any
estimation or simulation tasks, showing the core files required for model specification and
configuration.

/.
+— data.txt
+— model . txt

+— project.mlxproperties

+— project.mlxtran

— project/

t summary.txt

Figure 9: Structure of a Monolix project directory after task execution, illustrating the
creation of a results subfolder containing output files such as summary.txt with estimation
and diagnostic results.
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/.

— o . .

— project_upd.mlxtran
— project_upd.mlxproperties

— project_upd/. ..

— project/
t remix/
- Build 1/. ..

— project_init/...
— tmp_init/. ..
+— Build_1.mlxtran

— Build_1.mlxproperties

— . . .

— project_init.mlxtran
+— project_init.mlxproperties
— summary.txt

— summary_1.txt

— sSummary_cv.txt

— summary_init.txt

Figure 10: Structure of a Monolix project directory after sequential execution of initStrat,
remix, and cv.remix, with both unlinkTemporaryProject and unlinkBuildProject set
to FALSE. The remix folder contains all temporary projects and summary files generated
during initialization, cross-validation, and final estimation steps.

C Mixtran model file for demo monolix project

[LONGITUDINAL]
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input = {delta_S,phi_S,delta_AB,alpha_11,alpha_12,alpha_13,alpha_14,alpha_15}

EQUATION:
£t 0=0
AB_O = 1000

S0=5

ddt_S = - delta S*S
ddt_AB = phi S * S - delta AB  AB
tAB = logl0(AB)

G1= alpha_11
G2= alpha_12
G3= alpha_13
G4= alpha_14
Gb5= alpha_15

* ¥ X X X
0 0N 2 2 LN

OUTPUT:
output ={tAB,G1,G2,G3,G4,G5}

D Summary file for initialization task

Starting Initilization by group

Group formed :
(yG1,yG4) - (yG2,yG3) - (yG5)

Starting with biomarkers : yG4, yGi1

Computing SAEM update for population parameters...
Estimating log-likelihood...

> Estimated Population Parameters :

EstimatedValue
delta_S_pop 2.6e-01
phi_S_pop 6.3e+02
delta_AB_pop 2.5e-02
omega_delta_AB 2.9e-01
omega_delta_S 9.6e-02
omega_phi_S 6.3e-01
sigma_AB 1.1e-01
sigma_G1 2.8e-01
sigma_G2 3.4e-01
sigma_G3 3.9e-01
sigma_G4 3.6e-01
sigma_Gb 3.2e-01
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EstimatedValue

alpha_11_pop 1.1e-01
alpha_12_pop 0e+00
alpha_13_pop 0e+00
alpha_14_pop -1.1e-05
alpha_15_pop 0e+00

> Estimated logLikelihood :
LL OFV AIC BIC BICc
-3252.417 6504.830 6526.830 6555.490 6593.170

Starting with biomarkers : yG2, yG3

Computing SAEM update for population parameters...
Estimating log-likelihood...

> Estimated Population Parameters :

EstimatedValue
delta_S_pop 3.4e-01
phi_S_pop 7.9e+02
delta_AB_pop 2.5e-02
omega_delta_AB 3e-01
omega_delta_S 2.9e-01
omega_phi_S 5.7e-01
sigma_AB 1.1e-01
sigma_G1 3e-01
sigma_G2 3.4e-01
sigma_G3 3.9e-01
sigma_G4 3.6e-01
sigma_Gb 3.2e-01

EstimatedValue
alpha_11_pop 0e+00
alpha_12_pop 7.8e-03
alpha_13_pop -1.7e-05
alpha_14_pop 0e+00
alpha_15_pop 0e+00

> Estimated logLikelihood :
LL OFV AIC BIC BICc
-3502.774 7005.550 7027.550 7056.210 7093.880

Starting with biomarkers : yGb5
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Computing SAEM update for population parameters...
Estimating log-likelihood...

> Estimated Population Parameters :

EstimatedValue
delta_S_pop 4e-01
phi_S_pop 9.4e+02
delta_AB_pop 2.5e-02
omega_delta_AB 3e-01
omega_delta_S 3.3e-01
omega_phi_S 5.7e-01
sigma_AB 1.2e-01
sigma_G1 3e-01
sigma_G2 3.4e-01
sigma_G3 3.9e-01
sigma_G4 3.6e-01
sigma_Gb5 3.2e-01

EstimatedValue
alpha_11_pop 0e+00
alpha_12_pop 0e+00
alpha_13_pop 0e+00
alpha_14_pop 0e+00
alpha_15_pop -4.2e-03

> Estimated logLikelihood :
LL OFV AIC BIC BICc
-3506.928 7013.860 7031.860 7055.300 7083.560

FINAL SET SELECTED : yG4, yG1.

E Summary file for grid search

Starting Regulatization and Estimation Algorithm

Estimation of the R.E. distribution using the initial model ...

- - - < INITIAL PARAMETERS > - - -

EstimatedValue
delta_S_pop 2.63e-01
phi_S_pop 6.28e+02
delta_AB_pop 2.48e-02
omega_delta_AB 2.94e-01
omega_delta_S 9.57e-02
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omega_phi_S 6.29e-01
sigma_AB 1.14e-01
sigma_G1 2.76e-01
sigma_G4 3.57e-01
sigma_G2 3.35e-01
sigma_G3 3.88e-01
sigma_Gb5 3.19e-01
EstimatedValue
alpha_11_pop 1.07e-01
alpha_12_pop 0e+00
alpha_13_pop 0e+00
alpha_14_pop -1.09e-05
alpha_15_pop 0e+00

Computing regularization path ...

Starting algorithm n°1/10 with lambda = 5.096...

- - - < CRITERION > - - -
LL : -3250.233

BIC : 6574.149

BICc : 6635

---X FINAL PARAMETERS > - - -

EstimatedValue
alpha_11_pop 1.04e-01
alpha_12_pop 8.52e-03
alpha_13_pop -7.22e-04
alpha_14_pop 0.00e+00
alpha_15_pop -1.98e-03

EstimatedValue
delta_S_pop 2.51e-01
phi_S_pop 6.02e+02
delta_AB_pop 2.48e-02
omega_delta_AB 2.96e-01
omega_delta_S 1.69e-01
omega_phi_S 6.14e-01
sigma_AB 1.14e-01
sigma_G1 2.75e-01
sigma_G4 3.57e-01
sigma_G2 3.35e-01
sigma_G3 3.88e-01
sigma_G5 3.19e-01
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Starting algorithm n°2/10 with lambda = 10.169...

- - - < CRITERION > - - -
LL : -3250.009

BIC : 6573.7

BICc : 6635

---X FINAL PARAMETERS > - - -

EstimatedValue
alpha_11_pop 1.04e-01
alpha_12_pop 8.37e-03
alpha_13_pop -5.23e-04
alpha_14_pop 0.00e+00
alpha_15_pop -1.85e-03

EstimatedValue
delta_S_pop 2.49e-01
phi_S_pop 5.98e+02
delta_AB_pop 2.48e-02
omega_delta_AB 2.97e-01
omega_delta_S 1.47e-01
omega_phi_S 6.15e-01
sigma_AB 1.14e-01
sigma_G1 2.75e-01
sigma_G4 3.57e-01
sigma_G2 3.35e-01
sigma_G3 3.88e-01
sigma_Gb5 3.19e-01

Starting algorithm n°3/10 with lambda = 20.289...

- - - < CRITERION > - - -
LL : -3250.038

BIC : 6573.759

BICc : 6635

- - =X FINAL PARAMETERS > - - -

EstimatedValue
alpha_11_pop 1.03e-01
alpha_12_pop 8.04e-03
alpha_13_pop -2.14e-06
alpha_14_pop 0.00e+00
alpha_15_pop -1.57e-03

EstimatedValue
delta_S_pop 2.44e-01
phi_S_pop 5.87e+02

38



delta_AB_pop 2.48e-02
omega_delta_AB 2.98e-01
omega_delta_S 1.64e-01
omega_phi_S 6.06e-01
sigma_AB 1.15e-01
sigma_G1 2.75e-01
sigma_G4 3.57e-01
sigma_G2 3.35e-01
sigma_G3 3.88e-01
sigma_Gb 3.19e-01

Starting algorithm n°4/10 with lambda = 40.483...

- - - < CRITERION > - - -
LL : -3249.804

BIC : 6568.685

BICc : 6625

- - =X FINAL PARAMETERS > - - -

EstimatedValue
alpha_11_pop 1.02e-01
alpha_12_pop 7.52e-03
alpha_13_pop 0.00e+00
alpha_14_pop 0.00e+00
alpha_15_pop -1.02e-03

EstimatedValue
delta_S_pop 2.39e-01
phi_S_pop 5.74e+02
delta_AB_pop 2.48e-02
omega_delta_AB 2.97e-01
omega_delta_S 1.43e-01
omega_phi_S 6.13e-01
sigma_AB 1.15e-01
sigma_G1 2.75e-01
sigma_G4 3.57e-01
sigma_G2 3.35e-01
sigma_G3 3.88e-01
sigma_Gb 3.19e-01

Starting algorithm n°5/10 with lambda = 80.774...

- - - < CRITERION > - - -
LL : -3250.241

BIC : 6564.954

BICc : 6617
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- - =X FINAL PARAMETERS > - - -

EstimatedValue
alpha_11_pop 1.01e-01
alpha_12_pop 6.38e-03
alpha_13_pop 0.00e+00
alpha_14_pop 0.00e+00
alpha_15_pop 0.00e+00

EstimatedValue
delta_S_pop 2.46e-01
phi_S_pop 5.96e+02
delta_AB_pop 2.49e-02
omega_delta_AB 2.95e-01
omega_delta_S 1.58e-01
omega_phi_S 6.12e-01
sigma_AB 1.14e-01
sigma_G1 2.75e-01
sigma_G4 3.57e-01
sigma_G2 3.35e-01
sigma_G3 3.88e-01
sigma_Gb 3.19e-01

Starting algorithm n°6/10 with lambda = 161.165...

- - - < CRITERION > - - -
LL : -3250.432

BIC : 6565.336

BICc : 6617

- --Z FINAL PARAMETERS > - - -

EstimatedValue
alpha_11_pop 9.75e-02
alpha_12_pop 4.41e-03
alpha_13_pop 0.00e+00
alpha_14_pop 0.00e+00
alpha_15_pop 0.00e+00

EstimatedValue
delta_S_pop 2.4e-01
phi_S_pop 5.79e+02
delta_AB_pop 2.49e-02
omega_delta_AB 2.97e-01
omega_delta_S 1.4e-01
omega_phi_S 6.22e-01
sigma_AB 1.14e-01
sigma_G1 2.75e-01
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sigma_G4 3.57e-01

sigma_G2 3.35e-01
sigma_G3 3.88e-01
sigma_Gb5 3.19e-01

Starting algorithm n°7/10 with lambda = 321.566...

- - - < CRITERION > - - -
LL : -3251.821

BIC : 6568.115

BICc : 6620

- - - FINAL PARAMETERS > - - -

EstimatedValue
alpha_11_pop 9.35e-02
alpha_12_pop 2.54e-04
alpha_13_pop 0.00e+00
alpha_14_pop 0.00e+00
alpha_15_pop 0.00e+00

EstimatedValue
delta_S_pop 2.3e-01
phi_S_pop 5.59e+02
delta_AB_pop 2.49e-02
omega_delta_AB 2.95e-01
omega_delta_S 1.16e-01
omega_phi_S 6.32e-01
sigma_AB 1.14e-01
sigma_G1 2.75e-01
sigma_G4 3.57e-01
sigma_G2 3.35e-01
sigma_G3 3.88e-01
sigma_Gb 3.19e-01

Starting algorithm n°8/10 with lambda = 641.609...

- - - < CRITERION > - - -
LL : -3256.438

BIC : 6572.744

BICc : 6620

---X FINAL PARAMETERS > - - -

EstimatedValue
alpha_11_pop 8.42e-02
alpha_12_pop 0.00e+00

41



alpha_13_pop 0.00e+00

alpha_14_pop 0.00e+00
alpha_15_pop 0.00e+00
EstimatedValue
delta_S_pop 2.17e-01
phi_S_pop 5.27e+02
delta_AB_pop 2.49e-02
omega_delta_AB 2.95e-01
omega_delta_S 1.81e-01
omega_phi_S 6.18e-01
sigma_AB 1.14e-01
sigma_G1 2.76e-01
sigma_G4 3.57e-01
sigma_G2 3.35e-01
sigma_G3 3.88e-01
sigma_Gb 3.19e-01

Starting algorithm n°9/10 with lambda = 1280.178...

- - - < CRITERION > - - -
LL : -3268.485

BIC : 6596.836

BICc : 6644

---X FINAL PARAMETERS > - - -

EstimatedValue
alpha_11_pop 7.08e-02
alpha_12_pop 0.00e+00
alpha_13_pop 0.00e+00
alpha_14_pop 0.00e+00
alpha_15_pop 0.00e+00

EstimatedValue
delta_S_pop 2.07e-01
phi_S_pop 5.1e+02
delta_AB_pop 2.5e-02
omega_delta_AB 2.96e-01
omega_delta_S 1.21e-01
omega_phi_S 6.15e-01
sigma_AB 1.15e-01
sigma_G1 2.77e-01
sigma_G4 3.57e-01
sigma_G2 3.35e-01
sigma_G3 3.88e-01
sigma_G5 3.19e-01
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Starting algorithm n°10/10 with lambda

- - - < CRITERION > - - -
LL : -3307.982

BIC : 6675.832

BICc : 6723

---X FINAL PARAMETERS > - - -

EstimatedValue
alpha_11_pop 4.94e-02
alpha_12_pop 0.00e+00
alpha_13_pop 0.00e+00
alpha_14_pop 0.00e+00
alpha_15_pop 0.00e+00

EstimatedValue
delta_S_pop 1.85e-01
phi_S_pop 4.68e+02
delta_AB_pop 2.52e-02
omega_delta_AB 2.93e-01
omega_delta_S 1.22e-01
omega_phi_S 6.22e-01
sigma_AB 1.15e-01
sigma_G1 2.82e-01
sigma_G4 3.57e-01
sigma_G2 3.35e-01
sigma_G3 3.88e-01
sigma_Gb5 3.19e-01

2554.292. ..

F Summary file for REMix algorithm

Starting Regulatization and Estimation Algorithm

- - - < INITIAL PARAMETERS > - - -

EstimatedValue
delta_S_pop 2.63e-01
phi_S_pop 6.28e+02
delta_AB_pop 2.48e-02
omega_delta_AB 2.94e-01
omega_delta_S 9.57e-02
omega_phi_S 6.29e-01
sigma_AB 1.14e-01
sigma_G1 2.76e-01
sigma_G4 3.57e-01
sigma_G2 3.35e-01
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sigma_G3 3.88e-01

sigma_Gb5 3.19e-01
EstimatedValue
alpha_11_pop 1.07e-01
alpha_12_pop 0e+00
alpha_13_pop 0e+00
alpha_14_pop -1.09e-05
alpha_15_pop 0e+00

Estimating the log-likelihood, and its derivates, using the initial model ...

LL : -3252.263
LL.pen : -3260.91
time elapsed : 18.76s

ITERATION 1

Computing taylor update for regularization parameters...

EstimatedValue
alpha_11_pop 1.05e-01
alpha_12_pop 5.98e-03
alpha_13_pop 0.00e+00
alpha_14_pop 0.00e+00
alpha_15_pop 0.00e+00

Computing SAEM update for population parameters...

EstimatedValue
delta_S_pop 2.47e-01
phi_S_pop 5.94e+02
delta_AB_pop 2.48e-02
omega_delta_AB 2.96e-01
omega_delta_S 1.3e-01
omega_phi_S 6.32e-01
sigma_AB 1.14e-01
sigma_G1 2.75e-01
sigma_G4 3.57e-01
sigma_G2 3.35e-01
sigma_G3 3.88e-01
sigma_Gb 3.19e-01

Estimating penalised log-likelihood...
LL :-3250.181
LL.pen :-3259.167

Current parameter convergence criterion : 0.005
Current 11 pen convergence criterion : 1.743
time elapsed : 38.8s
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ITERATION 2

Computing taylor update for regularization parameters...

EstimatedValue
alpha_11_pop 1.01e-01
alpha_12_pop 6.38e-03
alpha_13_pop 0.00e+00
alpha_14_pop 0.00e+00
alpha_15_pop 0.00e+00

Computing SAEM update for population parameters...

EstimatedValue
delta_S_pop 2.46e-01
phi_S_pop 5.96e+02
delta_AB_pop 2.49e-02
omega_delta_AB 2.95e-01
omega_delta_S 1.58e-01
omega_phi_S 6.12e-01
sigma_AB 1.14e-01
sigma_G1 2.75e-01
sigma_G4 3.57e-01
sigma_G2 3.35e-01
sigma_G3 3.88e-01
sigma_Gb 3.19e-01

Estimating penalised log-likelihood...
LL :-3250.241
LL.pen :-3258.934

Current parameter convergence criterion : 0.001
Current 11 pen convergence criterion : 0.233
time elapsed : 39.17s

ITERATION 3

Computing taylor update for regularization parameters...

EstimatedValue
alpha_11_pop 1.01e-01
alpha_12_pop 6.43e-03
alpha_13_pop 0.00e+00
alpha_14_pop 0.00e+00
alpha_15_pop 0.00e+00

Computing SAEM update for population parameters...
EstimatedValue
delta_S_pop 2.47e-01
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phi_S_pop 5.91e+02
delta_AB_pop 2.48e-02
omega_delta_AB 2.99e-01
omega_delta_S 1.35e-01
omega_phi_S 6.22e-01
sigma_AB 1.13e-01
sigma_G1 2.75e-01
sigma_G4 3.57e-01
sigma_G2 3.35e-01
sigma_G3 3.88e-01
sigma_Gb5 3.19e-01

Estimating penalised log-likelihood...
LL :-3250.115
LL.pen :-3258.8

Current parameter convergence criterion : 0.001
Current 11 pen convergence criterion : 0.134
time elapsed : 41.77s

ITERATION 4

Computing taylor update for regularization parameters...

EstimatedValue
alpha_11_pop 1.01e-01
alpha_12_pop 6.40e-03
alpha_13_pop 0.00e+00
alpha_14_pop 0.00e+00
alpha_15_pop 0.00e+00

Computing SAEM update for population parameters...

EstimatedValue
delta_S_pop 2.51e-01
phi_S_pop 6e+02
delta_AB_pop 2.48e-02
omega_delta_AB 2.96e-01
omega_delta_S 2.08e-01
omega_phi_S 6.12e-01
sigma_AB 1.14e-01
sigma_G1 2.75e-01
sigma_G4 3.57e-01
sigma_G2 3.35e-01
sigma_G3 3.88e-01
sigma_Gb5 3.19e-01

Estimating penalised log-likelihood...
LL :-3251.027
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LL.pen :-3259.722

Current parameter convergence criterion : 0.005
Current 11 pen convergence criterion : 0.923
time elapsed : 41.73s

ITERATION 5

Computing taylor update for regularization parameters...

EstimatedValue
alpha_11_pop 1.02e-01
alpha_12_pop 6.41e-03
alpha_13_pop 0.00e+00
alpha_14_pop 0.00e+00
alpha_15_pop 0.00e+00

Computing SAEM update for population parameters...

EstimatedValue
delta_S_pop 2.39e-01
phi_S_pop 5.75e+02
delta_AB_pop 2.49e-02
omega_delta_AB 2.97e-01
omega_delta_S 1.86e-01
omega_phi_S 6.27e-01
sigma_AB 1.13e-01
sigma_G1 2.75e-01
sigma_G4 3.57e-01
sigma_G2 3.35e-01
sigma_G3 3.88e-01
sigma_Gb5 3.19e-01

Estimating penalised log-likelihood...
LL :-3250.337
LL.pen :-3259.068

Current parameter convergence criterion : 0.003
Current 11 pen convergence criterion : 0.654
time elapsed : 43.41s

ITERATION 6

Computing taylor update for regularization parameters...

EstimatedValue
alpha_11_pop 9.91e-02
alpha_12_pop 6.59e-03
alpha_13_pop 0.00e+00
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alpha_14_pop 0.00e+00
alpha_15_pop 0.00e+00

Computing SAEM update for population parameters...

EstimatedValue
delta_S_pop 2.36e-01
phi_S_pop 5.76e+02
delta_AB_pop 2.49e-02
omega_delta_AB 2.96e-01
omega_delta_S 1.71e-01
omega_phi_S 6.23e-01
sigma_AB 1.13e-01
sigma_G1 2.75e-01
sigma_G4 3.57e-01
sigma_G2 3.35e-01
sigma_G3 3.88e-01
sigma_Gb 3.19e-01

Estimating penalised log-likelihood...
LL :-3250.156
LL.pen :-3258.695

Current parameter convergence criterion : O
Current 11 pen convergence criterion : 0.374
time elapsed : 41.756s

ITERATION 7

Computing taylor update for regularization parameters...

EstimatedValue
alpha_11_pop 9.87e-02
alpha_12_pop 6.63e-03
alpha_13_pop 0.00e+00
alpha_14_pop 0.00e+00
alpha_15_pop 0.00e+00

Computing SAEM update for population parameters...

EstimatedValue
delta_S_pop 2.32e-01
phi_S_pop 5.62e+02
delta_AB_pop 2.49e-02
omega_delta_AB 2.98e-01
omega_delta_S 1.24e-01
omega_phi_S 6.23e-01
sigma_AB 1.14e-01
sigma_G1 2.75e-01
sigma_G4 3.57e-01
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sigma_G2 3.35e-01
sigma_G3 3.88e-01
sigma_Gb5 3.19e-01

Estimating penalised log-likelihood...
LL :-3249.774
LL.pen :-3258.28

Current parameter convergence criterion : 0.003
Current 11 pen convergence criterion : 0.415
time elapsed : 43.35s

ITERATION 8

Computing taylor update for regularization parameters...

EstimatedValue
alpha_11_pop 9.76e-02
alpha_12_pop 6.68e-03
alpha_13_pop 0.00e+00
alpha_14_pop 0.00e+00
alpha_15_pop 0.00e+00

Computing SAEM update for population parameters...

EstimatedValue
delta_S_pop 2.38e-01
phi_S_pop 5.71e+02
delta_AB_pop 2.48e-02
omega_delta_AB 2.98e-01
omega_delta_S 1.11e-01
omega_phi_S 6.24e-01
sigma_AB 1.14e-01
sigma_G1 2.75e-01
sigma_G4 3.57e-01
sigma_G2 3.35e-01
sigma_G3 3.88e-01
sigma_Gb5 3.19e-01

Estimating penalised log-likelihood...
LL :-3249.909
LL.pen :-3258.33

Current parameter convergence criterion : O
Current 11 pen convergence criterion : 0.05
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G Summary file for final tests and estimation

Starting Final Regulatization and Estimation Algorithm Step

- - - < INITIAL PARAMETERS > - - -

EstimatedValue
delta_S_pop 2.38e-01
phi_S_pop 5.71e+02
delta_AB_pop 2.48e-02
omega_delta_AB 2.98e-01
omega_delta_S 1.11e-01
omega_phi_S 6.24e-01
sigma_AB 1.14e-01
sigma_G1 2.75e-01
sigma_G4 3.57e-01
sigma_G2 3.35e-01
sigma_G3 3.88e-01
sigma_Gb 3.19e-01

EstimatedValue
alpha_11_pop 9.76e-02
alpha_12_pop 6.68e-03
alpha_13_pop 0e+00
alpha_14_pop 0e+00
alpha_15_pop 0e+00

Computing final SAEM...
Estimating log-likelihood...

EstimatedValue se CI_95
delta_S_pop 2.32e-01 8.5e-03 [2.16e-01;2.49e-01]
phi_S_pop 5.64e+02 4.03e+01 [4.85e+02;6.43e+02]
delta_AB_pop 2.49e-02 7.45e-04 [2.35e-02;2.64e-02]
alpha_11_pop 9.91e-02 4.72e-03 [8.99e-02;1.08e-01]
alpha_12_pop 9.1e-03 5.15e-03 [-9.87e-04;1.92e-02]
alpha_13_pop 0e+00
alpha_14_pop 0e+00
alpha_15_pop 0e+00
omega_delta_S 1.44e-01 3.28e-02 [7.98e-02;2.08e-01]
omega_phi_S 6.27e-01 5.12e-02 [5.26e-01;7.27e-01]
omega_delta_AB 2.95e-01 2.14e-02 [2.53e-01;3.37e-01]
sigma_AB 1.14e-01 4.01e-03 [1.06e-01;1.22e-01]
sigma_G1 2.75e-01 4.26e-03 [2.67e-01;2.84e-01]
sigma_G2 3.35e-01 5.17e-03 [3.25e-01;3.45e-01]
sigma_G3 3.88e-01 5.98e-03 [3.76e-01;4e-01]
sigma_G4 3.57e-01 5.5e-03 [3.46e-01;3.68e-01]
sigma_G5 3.19e-01 4.93e-03 [3.1e-01;3.29e-01]
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--=-x
LL :
BIC :

BICc :

CRITERI
-3249.806
6564.085
6615.889

oN > -

Computing Wald test (with null hypothesis alphal=0)...
CI_95 stat.test p.value

alpha_11_pop
alpha_12_pop
alpha_13_pop
alpha_14_pop
alpha_15_pop

Estimated
9.9
9.

Value

1e-02 [8.99e-02;1.08e-01] 21.011
1e-03 [-9.87e-04;1.92e-02] 1.768
0e+00
0e+00
0e+00

Setting parameters to O...
(re)Computing final SAEM...
Estimating log-likelihood...

- - =<

delta_S_pop
phi_S_pop
delta_AB_pop
alpha_11_pop
alpha_12_pop
alpha_13_pop
alpha_14_pop
alpha_15_pop
omega_delta_S
omega_phi_S
omega_delta_A
sigma_AB
sigma_G1
sigma_G2
sigma_G3
sigma_G4
sigma_Gb5

---x
LL :
BIC :

BICc :

FINAL PARAMETERS

Estimat
2

5
2.
1

B

WWWWwNENO -

CRITERI
-3251.378
6562.624
6609.719

edValue
.43e-01
.86e+02
49e-02
.02e-01

0e+00

0e+00

0e+00

0e+00
.66e-01
.14e-01
.96e-01
.14e-01
.75e-01
.35e-01
.88e-01
.57e-01
.19e-01

oN > -

se
9.5e-03
4.14e+01
7.47e-04
4.92e-03

.05e-02
.01e-02
.16e-02
.08e-03
.26e-03
.17e-03
.98e-03
5.5e-03
4.93e-03

OO NN oo

>___

[2.
(5.
[2.
[9.

(6.
(5.
[2.
[1.
[2.
[3.

(3.

CI_95
24e-01;2.62e-01]
05e+02;6.67e+02]
34e-02;2.63e-02]
24e-02;1.12e-01]

66e-02;2.65e-01]
15e-01;7.12e-01]
53e-01;3.38e-01]
06e-01;1.22e-01]
67e-01;2.83e-01]
25e-01;3.45e-01]
[3.76e-01;4e-01]
46e-01;3.68e-01]

[3.1e-01;3.29e-01]

o1

0 <0.05
0.077



